Abstract. The set SL(n) of n-string links has a monoid structure, given by the stacking product. When considered up to concordance, SL(n) becomes a group, which is known to be abelian only if n = 1. In this paper, we consider two families of equivalence relations which endow SL(n) with a group structure, namely the C k -equivalence introduced by Habiro in connection with finite type invariants theory, and the C k -concordance, which is generated by C k -equivalence and concordance. We investigate under which condition these groups are abelian, and give applications to finite type invariants.
Introduction
For a positive integer n, let D 2 be the standard two-dimensional disk equipped with n marked points x 1 , ..., x n in its interior. Let I denote the unit interval. An n-string link is a proper embedding L :
of the disjoint union ⊔ n i=1 I i of n copies of I in D 2 × I, such that for each i, the image L i of I i runs from (x i , 0) to (x i , 1). Abusing notation, we will also denote by L ⊂ D 2 × I the image of the map L, and L i is called the ith string of L. Note that each string of an n-string link is equipped with an (upward) orientation induced by the natural orientation of I. The string link ⊔ n i=1 ({x i } × I) is called the trivial n-string link and is denoted by 1 n , or simply by 1.
The set SL(n) of isotopy classes of n-string links fixing the endpoints has a monoid structure, with composition given by the stacking product and with the trivial n-string link 1 n as unit element. There is a surjective map from SL(n) to the set of isotopy classes of n-component links, which sends an n-string link to its closure (in the usual sense). For n = 1, this map is a monoid isomorphism.
It is well known that the monoid SL(n) is not a group. In fact, it is quite far from being a group : the group of invertible elements in SL(n) is actually the pure braid group on n strands [11] . However, SL(n) becomes a group when considered up to concordance. Recall that two n-string links L, L ′ are concordant if there is an embedding f : (⊔
, and such that f (∂(⊔ n i=1 I i ) × I) = (∂L) × I. The inverse of a string link up to concordance is simply its horizontal mirror image with reversed orientation. Le Dimet showed that the group of concordance classes of n-string links is not abelian for n ≥ 3 in [14] . 1 The fact that this result also hold for n = 2 seem to have been first observed by De Campos [7] , as a consequence of a result of Miyazaki for the theta-curve cobordism group [19] . 1 The literature sometimes erroneously refers to [14] for the analogous fact for n = 2, but, as Le Dimet writes in [14, 4.5 Conclusions 2.] , his arguments did not allow him to conclude in the case of 2-string links. Now, other equivalence relations are known to endow SL(n) with a group structure: for each k ≥ 1, the set SL(n)/C k of C k -equivalence classes of n-string links is a group [13] . Here, the C k -equivalence is an equivalence relation on links generated by C k -moves and ambient isotopies, defined in connection with the theory of finite type invariants. A C 1 -move is just a crossing change, and for any integer k ≥ 2, a C k -move is a local move on links as illustrated in Figure can also be defined in terms of 'insertion' of an element of the kth lower central subgroup of some pure braid group [23] , or alternatively by using the theory of claspers (see Section 2) . In this paper, we investigate under which condition the quotient group SL(n)/C k is abelian. This is immediate, for k = 1 since SL(n)/C 1 is the trivial group. It is also well-known that, for all n ≥ 1, the group SL(n)/C 2 is abelian. This essentially follows from the fact, due to Murakami and Nakanishi [20] , that C 2 -equivalence classes of (string) links are classified by the linking number. Another rather easy fact is the following, which uses Milnor's triple linking number (see Section 4.3). Proposition 1.1. The group SL(n)/C k of C k -equivalence classes of n-string links is not abelian for any n ≥ 3 and any k ≥ 3.
Hence our study is reduced to the case of 2-string links. In [24] , the second author showed that SL(2)/C k is not abelian for k ≥ 12. Here we improve this result and give an almost complete answer for this 'abelian problem'. Theorem 1.2. (1). The group SL(2)/C k of C k -equivalence classes of 2-string links is abelian for k < 7.
(2). The group SL(2)/C k is not abelian for k > 7.
Although the case k = 7 remains open so far, we show the following. Theorem 1.3. The group SL(2)/C 7 is abelian if it has no 2-torsion. Remark 1.4. Bar-Natan's computations [2] shows that 7 is the smallest degree of a finite type invariant that can detect the orientation of 2-string links. The existence of such an invariant was shown by Duzhin and Karev [8] , and this result is used in Section 3.2 to prove Theorem 1.2 (2). Likewise, it would be very interesting to determine whether there exists a Z 2 -valued finite type invariant of degree 6 that can detect the orientation of 2-string links.
The 'abelian problem' addressed above is deeply related to one of the main results in the theory of finite type invariants, due to Habiro [13] and Goussarov [10] independently, which gives a topological characterization of the informations contained by finite type invariants of knots. Theorem 1.5 ( [10, 13] ). Two knots cannot be distinguished by any finite type invariant of order less than k if and only if they are C k -equivalent.
It was indeed conjectured by both Goussarov and Habiro that, although it fails to hold for links, Theorem 1.5 may generalize to string links. One of the key ingredient of Habiro's proof of Theorem 1.5, based on the theory of claspers, is the fact that the set of C k -equivalence classes of knots forms an abelian group for all k ≥ 1. As a matter of fact, his techniques apply to the string link case, and the fact that the group SL(n)/C k is abelian implies that the conjecture holds at the corresponding degree (see Appendix A for further explanation). Hence Theorem 1.2 (1) gives us the following. Corollary 1.6. For any integer k ≤ 6, two 2-string links cannot be distinguished by any finite type invariant of order less than k if and only if they are C k -equivalent. Remark 1.7. The Goussarov-Habiro conjecture for string links was shown to be true at low degree by various authors. It is easy to check for k = 2, using the linking number [20] , and was proved for k = 3 by the first author in [16] . Massuyeau gave a proof for k = 4, using algebraic arguments [15] . In [17] , the authors classified string links up to C k -equivalence for k ≤ 5, by explicitly giving a complete set of low degree finite type invariants, and proved the Goussarov-Habiro Conjecture for k ≤ 5 as a byproduct.
Since we have two equivalence relations, concordance and C k -equivalence, that provide group structures on the set of string links, it is natural to combine them to get a new group structure. We call this equivalence relation on string links generated by C k -moves and concordance the C k -concordance [17] . The C k -concordance is very closely related to Whitney tower concordance of order k−1 studied in [5] by Conant, Schneiderman and Teichner, 2 and to finite type concordance invariants. In Section 4, we investigate whether the group SL(n)/(C k +c) of C k -concordance classes of n-string links is abelian. In the knot case, it is known that SL(1)/(C k + c) is trivial for k = 1 or 2, and that SL(1)/(C k + c) is isomorphic to Z/2Z for k ≥ 3 [21, 17] . We show the following. Theorem 1.8.
(1) The group SL(2)/(C k + c) is abelian if and only if k ≤ 8. (2) For n ≥ 3, the group SL(n)/(C k + c) is abelian if and only if k ≤ 2.
2.1.
A brief review of clasper theory. Let L be a string link. An embedded surface g is called a graph clasper for L if it satisfies the following three conditions:
(1) g is decomposed into disks and bands, called edges, each of which connects two distinct disks. (2) The disks have either 1 or 3 incident edges, and are called leaves or nodes respectively. (3) g intersects L transversely, and the intersections are contained in the union of the interiors of the leaves.
In particular, if a graph clasper is a simply connected, we call it a tree clasper. A graph clasper for a string link L is simple if each of its leaves intersects L at one point.
The degree of a connected graph clasper g is defined as half the number of nodes and leaves. We call a degree k connected graph clasper a C k -graph. A tree clasper of degree k is called a C k -tree.
Convention 2.1. Throughout this paper, we make use of the drawing convention for claspers of [13, Fig. 7] , except for the following: a ⊕ (resp. ⊖) on an edge represents a positive (resp. negative) half-twist. (This replaces the convention of a circled S (resp. S −1 ) used in [13] .)
Given a graph clasper g for a string link L, there is a procedure to construct, in a regular neighbourhood of g, a framed link γ(g). There is thus a notion of surgery along g, which is defined as surgery along γ(g). There exists a canonical diffeomorphism between D 2 × I and the manifold (D 2 × I) γ(g) fixing the boundary, and surgery along the C k -graph g can thus be regarded as an operation on L in the (fixed) ambient space D 2 × I. We say that the resulting string link L g in D 2 × I is obtained from L by surgery along g. In particular, surgery along a simple C k -tree is a local move as illustrated in Figure 2 .1.
Throughout this paper, we will often define string links in terms of claspers for the trivial string link, implicitely referring to the result of surgery along this clasper. The C k -equivalence (as defined in the introduction) coincides with the equivalence relation on string links generated by surgeries along C k -graphs and isotopies. In particular, it is known that two links are C k -equivalent if and only if they are related by surgery along simple C k -trees [13, Thm. 3.17] .
This family of equivalence relations becomes finer as the index increases, that is, the C k -equivalence implies the C m -equivalence if k > m.
A string link is called C k -trivial if it is C k -equivalent to the trivial string link. 
where t is a C k1+k2 -graph obtained from t 1 ∪ t 2 by inserting a vertex v in the edge e of t and connecting v to the edge incident to f as shown in Figure 2 .2. Lemma 2.3. Let t 1 ∪ t 2 be a disjoint union of a C k1 -graph and a C k2 -graph for 1.
be obtained from t 1 ∪ t 2 by changing a crossing of an edge of t 1 with an edge of t 2 . Then
Remark 2.4. By combining the two previous lemmas, we have the following. Let
Lemma 2.5. Let g be a C k -graph for 1 n . Let f 1 and f 2 be two disks obtained by splitting a leaf f of g along an arc α as shown in Figure 2 (
where g i denotes the C k -graph for 1 n obtained from g by replacing f by f i (i = 1, 2), see Figure 2 .3.
Lemma 2.6. Let t be a C k -graph for 1, and let t ′ be a C k -graph obtained from t by adding a half-twist on an edge. Then
Claspers also satisfy relations analogous to the AS, IHX and STU relations for Jacobi diagrams [1] .
Lemma 2.7. (AS). Let t and t
′ be two C k -graphs for 1 which differ only in a small ball as depicted in Figure 2 In the rest of the paper, we will simply refer to Lemma 2.7 as the AS, IHX and STU relations.
By the IHX and STU relations, one can easily check the following.
Lemma 2.8. Let t be a C k -graph for 1. ∼ 1 g , where g is a C k -graph as shown in the figure.
Commutativity lemmas.
In this section, we collect a couple extra technical, purely algebraic lemmas.
Lemma 2.9. Let l and k be positive integers (l < k). Let G be a C l -trivial string link and let G ′ be the inverse of G in SL(n)/C l+1 . If G commutes with any C l+1 -trivial string link in SL(n)/C k , then G and
where
Although seemingly very technical, the next lemma turns out to be rather natural in the proofs of our main results. Lemma 2.10. Let L be an n-string links satisfying the following three conditions, for some integers p, l, m and
• L commutes with any C m -trivial string link in SL(n)/C k . Suppose, moreover, that SL(n)/C k has no 2-torsion, and that C l -trivial and C ptrivial string links all commute in SL(n)/C k . Then L commutes with any C l -trivial string link in SL(n)/C k . Remark 2.11. Observe that a string link commutes with any C l -trivial string link in SL(n)/C k (l < k) if and only if it commutes with 1 t for any C s -tree t with l ≤ s ≤ k − 1. Indeed, let T and T ′ be two C l -equivalent string links. Since T is C 1 -trivial, it is not hard to see, using Lemmas 2.2 and 2.
where T i is a product of string links, each obtained from 1 by surgery along a single C i -tree (l ≤ i ≤ k − 1). In particular, each T i is a C i -trivial string link, and
we have that L 2 is C k -equivalent to C · H for some C p -trivial string link H (by an argument similar to that in Remark 2.11 above). Thus we have
where the second equivalence follows from the assumption that C l -trivial and C ptrivial string links commute in SL(n)/C k ). Hence
where [x, y] denotes the commutator xyx
3. The group of C k -equivalence classes of 2-string links.
In this section, we prove Theorems 1.2 and 1.3.
3.1. Abelian cases: k ≤ 6. Since the C k -equivalence implies the C m -equivalence if k > m, it is sufficient to show that SL(2)/C 6 is abelian. This is done in Proposition 3.3, by first providing a set of generators for this group and then by showing that any two of these generators commute in SL(2)/C 6 . (Note that it was shown by Habiro that SL(n)/C k is a finitely generated group for any n and k Here, when representing a clasper c with an edge marked by a * , we implicitly also define the clasper c * obtained from c by inserting a negative half twist in the * -marked edge. Thus, when introducing the string link C obtained from 1 by surgery along c, we implicitly also introduce the string link C * obtained by surgery along c * .
and where H l i is a set of local generators. Here, we say that an element of SL (2) is local if there exists a 3-ball whose boundary intersects it at only two points, such that an homotopy of this ball to a point produces the trivial 2-string link. (In other 3 In [17] , the generating set H m 3 = {H, X} is used instead. Here, it will be convenient to use the element D rather than X as generator. This is possible since, by the STU relation, we have
words, local elements consists of a local knot on one strand). Clearly local elements are central in SL(2).)
Let us also fix a generating set
In particular, we use the convention of Figure 3 .1 to pick inverses for elements of H i (i ≤ 4). We call elements of H i and their inverses generators of degree i.
Before stating Proposition 3.3, we make a few simple, yet useful observations. First, notice that Lemma 3.1. Both I and I * are central in SL(2).
Proof. This is shown in Figure 3 .2 for the element I (the case of
L ∈ SL(2). Then I · L is as represented on the left-hand side of the figure. Rotating the two strings by 360 degrees about the vertical axis (fixing the endpoints) yields an isotopic string link, which is precisely L · I.
Next, we have In the following, however, we will use the term 'symmetric' for another property. Given an n-string link L, we denote by L its image under orientation-reversal of all its strands. The string link L is called symmetric if it is isotopic to L. For example, the string links
Notice that this is nicely reflected in the symmetry of the clasper defining these string links.
We can now prove the first part of Theorem 1.2.
Proof. We use the generating sets H i for SL i (2)/C i+1 specified above (1 ≤ i ≤ 5).
In order to prove Proposition 3.3, it suffices to show that, for any two elements A and B in ∪ that G 'locally' contains a copy of Y , so that we can use Fact 3.2 to show that G is isotopic to the string link G ′ represented in Figure 3 .4. Now, by a second application of Lemma 2.2, G ′ is C 6 -equivalent to the product of the two string links A and B represented on the right-hand side of the figure. Also, Lemmas 2.6 and 2.8 imply that K C6 ∼ C, where C is also given in Figure 3 ∼ P · Q, where P and Q are represented in Figure 3 .5. Now, by Lemmas 2.6 and 2.8 we see that O and P are both C 6 -equivalent to the string link R shown in Figure 3 .5. Summarizing, we have shown that 3.2. Non-abelian case: k ≥ 8. Denote by A(2) the Q-vector space of Jacobi diagrams on two strands, modulo the Framing Independance (FI) and STU relation, and denote by A k (2) the subspace generated by degree k elements (see e.g. [1] for the definitions). The stacking product · endows A(2) with an algebra structure.
As is well-known, A(2) coincides with the space of chord diagrams on two strands modulo the FI and 4T relations [1] . In [8] , Duzhin and Karev showed that A(2)/A 8 (2), hence A(2), is noncommutative. More precisely, let D H ∈ A 3 (2) and D S ∈ A 4 (2) be the two Jacobi diagrams shown in Figure 3 .8. Then we have that We now show how this result implies that SL(2)/C 8 is not abelian.
For k ≥ 0, let J k (2) denote the subgroup of ZSL(2) generated by singular 2-string links with k double points, via the Vassiliev skein relation = − .
By definition, the difference of two string links is in J k+1 (2) if and only if they cannot be distinguished by any finite type invariant of degree ≤ k. There is a well-known isomorphism
which "maps chords to double points", with inverse given by the Kontsevich integral. Now recall from Section 3.1 that H and S
3.3.
The case k = 7. In this section, we prove Theorem 1.3, hence we suppose that SL(2)/C 7 has no 2-torsion.
We proceed as in Section 3.1, using the generating sets H i for SL i (2)/C i+1 (i ≤ 5). By Remark 2.4, elements of SL 6 (2)/C 7 are central in SL(2)/C 7 , so we only need to consider these generators of degree ≤ 5. As above, we may also safely ignore local generators, as well as I and I * . Actually, by Lemma 3.1 and Remark 2. Case (2, 2): Let us show that Y and Y * commute with each other in SL(2)/C 7 . By Case (2, 3), we have that Y commutes with any C 3 -trivial string link in SL(2)/C 7 . Since by Lemma 2.6, Y * is the inverse of Y in SL(2)/C 3 , we can apply Lemma 2.9 to get the desired result.
We conclude this section with the proof of Claim 3.4.
Proof of Claim 3.4. Let us only give the proof for the 2-string link D (the proof for D * is easily deduced). We first notice that, as a consequence of Lemma 2.8, the string link D (and likewise, D * ) has a symmetry property similar to that of the Whitehead string link Y in SL(2)/C 4 (see Figure 3. 3) : Now consider the C 3 -graph g for 1 2 shown on the left-hand side of Figure 3 .10. Clearly, the 2-string link G obtained by surgery along g is central in SL (2) . By applying repeatedly Lemma 2.5, we have that G is C 4 -equivalent to a product
(1 2 ) gi of eight 2-string links, each obtained from 1 2 by surgery along a simple C 4 -graph, as shown in Figure 3 .10. By several isotopies, Lemma 2.6 and the symmetry property of Figure 3 .9, we deduce that G is C 4 -equivalent to the product Figure 3 .10).
Using Lemma 2.6, we thus have that D
C4
∼ C · G −1 , where G −1 denotes the inverse of the central element G in SL(2). The result follows.
Remark 3.6. The techniques used in Section 3.1 to prove that SL(2)/C k is abelian for k ≤ 6 can also be applied to the case k = 7 to some extent. More precisely, by fixing a generating set H 6 for SL 6 (2)/C 7 , one can try to show directly that, for any two elements A and B in ∪ 6 i=1 H i , we have that A, A * , B and B * commute with each other in SL(2)/C 7 . We can actually apply our methods, involving somewhat advanced calculus of claspers, to prove that this is indeed the case, except for one computation that remains open. Namely, the case where A = Y and B = H remains open so far, and is the only missing case to establish the commutativity of SL(2)/C 7 (without the 2-torsion assumption).
4.
The group of C k -concordance classes of string links.
In this section, we prove Theorem 1.8 and Proposition 1.1. We start with a brief review on the C k -concordance. 4.1. C k -concordance. Let k and n be positive integers. Two n-string links L, L
We denote the C k -concordance relation by
A string link is (C k + c)-trivial if it is C k -concordant to the trivial string link. It is well-known that Milnor invariants are concordance invariants [3] . So by [13, Thm. 7 .1], Milnor invariants of length ≤ k are C k -concordance invariants. Habegger and Masbaum showed that all rational finite type concordance invariants of string links are given by Milnor invariants via the Kontsevich integral [12] .
It is known that surgery along graph claspers with loops (i.e. graph claspers that are not tree claspers) implies concordance. The simple algebraic argument used to prove Lemmas 2.9 also hold for C kconcordance. That is, we have the following Lemma 4.3. Let l and k be positive integers (l < k). Let G be a (C l + c)-trivial string link and let G ′ be the inverse of G in SL(n)/(C l+1 + c). If G commutes with any (C l+1 + c)-trivial string link in SL (2)
Likewise, there is a 'C k -concordance version' of Lemma 2.10 (see Lemma 4.8 below).
4.2.
The ordered index. In order to study C k -concordance for string links, we use the notion of ordered index of a linear C k -tree.
Let t be a simple tree clasper for a string link L. We call a leaf of t an i-leaf if it intersects the ith component of L. The index of t is the collection of all integers i such that t contains an i-leaf, counted with multiplicities. For example, a simple C 3 -tree of index {2, 3 (2) , 5} for L intersects component 3 twice and components 2 and 5 once (and is disjoint from all other components of L).
For k ≥ 3, a C k -tree G having the shape of the tree clasper in Figure 2 .1 is called a linear C k -tree. (Note in particular that a linear tree clasper is always assumed to be simple.) The left-most and right-most leaves of G in Figure 2 .1 are called the ends of G. As a convention, any simple C k -tree is linear for k ≤ 2 ; the ends of a linear C 1 -tree (resp. C 2 -tree) are its two leaves (resp. a choice of any two leaves).
Let t be a linear C k -tree with ends f 0 , f k . Since t is a disk, we can travel from f 0 to f k along ∂t so that we meet all other leaves f 1 , ..., f k−1 in this order. If f s is an i s -leaf (s = 0, ..., k), we can consider two vectors (i 0 , ..., i k ) and (i k , ..., i 0 ) and may assume that (i 0 , ..., i k ) ≤ (i k , ..., i 0 ), where '≤' is the lexicographic order in Z k+1 . We call (i 0 , ..., i k ) the ordered index of t and denote it by o-index(t). In the following, we will simply denote by (i 0 ... Then either 1 t 
4.3.
Proofs of Proposition 1.1 and Theorem 1.8 (2) . We first show why SL(n)/(C 3 + c) is not abelian for any n ≥ 3.
Since the C k -concordance implies the C m -concordance if k > m, this will imply statement (2) of Theorem 1.8, and since the C k -equivalence implies the C kconcordance, we will also deduce Proposition 1.1.
Let σ 1 and σ 2 be the Artin generators for the 3-braid group. Then σ Since the C k -concordance implies the C m -concordance for k > m, it is sufficient to show that SL(2)/(C 8 + c) is abelian.
We use the same strategy as in Section 3.1, where we showed that SL(2)/C 6 is abelian. More precisely, we first chose generating sets for the successive quotients SL c i (2)/(C i+1 + c) (i ≤ 7), where SL c i (2) is the set of (C i + c)-trivial 2-string links, to obtain a set of generators for SL(2)/(C 8 + c), then we show that any two of these generators commute. In this discussion, we may again ignore local generators, since they are central in SL (2) .
Let Let us now pick a generating set for SL c 6 (2)/(C 7 + c). By Lemma 4.4 (2), a string link obtained from 1 2 by surgery along a linear C 6 -tree with index {1, 2 (6) } or {1 (6) , 2} is C 7 -concordant to 1 2 . So it is enough to consider C 6 -trees with index
) }. Furthermore, the IHX relation implies that it is sufficient to consider linear C 6 -trees.
By the IHX relation, the ends of a linear C 6 -trees with index {1 (2) , 2 (5) } can be chosen to be the two 1-leaves, so that the only possible o-index is (1222221). Similarly, we may assume that the ends of a linear C 6 -trees with index {1 (3) , 2 (4) } are both 2-leaves. Then by Lemma 4.4 (2), the o-index should be of the form (21ijk12) for some i, j, k ∈ {1, 2}. Since the index is {1 The following lemma is useful to further reduce the number of generators.
Lemma 4.5. For an integer k ≥ 5, let t and t ′ be two linear C k -trees for 1 2 whose respective o-indices are either of the form (ijjiiI) and (ijijiI), where I is a sequence of k −4 integers in {1, 2} and where {i, j} = {1, 2}. Then either (1 2 ) t
Proof. Suppose that o-index(t) is of the form (ijjiiI). By Lemmas 4.2 and 2.6, we can assume without loss of generality that there a 3-ball which intersects 1 2 ∪ t as shown on the left-hand side of Figure 4 .1. Using Lemma 2.6 again, we have that (1 2 ) t is C k+1 -equivalent to (1 2 ) t ′ , where t ′ is shown in the figure. By the IHX relation, (1 2 ) t ′ is C k+1 -equivalent to L · S, where L and S are string links as illustrated in Figure 4 .1. Notice that, by Lemma 2.6, L is C k+1 -equivalent to a string link obtained from 1 2 by surgery along a C k -trees with o-index (ijijiI). So, proving that S is (C k+1 + c)-trivial would imply Lemma 4.5. 
.
In the following, we call generator of degree k (k ≤ 7) any element T (I) of the generating set H c k or its inverse T * (I) in SL c k (2)/(C k+1 + c). In order to prove that SL(2)/(C 8 + c) is abelian, it suffices to show that any two generators of degree ≤ 7 do commute in SL(2)/(C 8 + c).
By Lemma 3.1, both T (12) and T * (12) are central in SL (2) . Moreover by Remark 2.4, two generators of degrees k and l commute in SL(2)/(C 8 +c) if k+l ≥ 8. Hence it is enough to check the commutativity of generators of degrees k and l for (k, l) = (3, 4), (2, 5) , (3, 3) , (2, 4) , (2, 3) , (2, 2) .
In order to prove the commutativity in the case (3, 4), we need the following.
Lemma 4.7. Let t be a linear C k -tree (k ≥ 1) for 1 n with k odd. Then (1 n ) t is C k+1 -concordant to its image under orientation-reversal of all strings.
A proof is easily obtained by combining Lemma 4.1 and arguments similar to those in the proof of [17, Lemma 5.1 (3) ]. Here, let us only illustrate the general idea on an example. Consider the linear C 7 -tree t for 1 2 illustrated on the lefthand side of Figure 4 .3. Let also t ′ be the linear C 7 -tree for 1 2 illustrated on the right-hand side of the figure. (notice that both t and t ′ have o-index (12112221).) On one hand, the two string links obtained by surgery along t and t ′ are obtained from one another by reversing the orientation of all strings. On the other hand, by Lemma 2.6 we have that (1 2 ) t is C 8 -equivalent to (1 2 ) c , where c is the C 7 -tree shown in the figure. Letc be obtained by a 180-degree rotation of c around the axis a fixing the leaves, see Figure 4 .3. By sliding the leaves ofc repeatedly, we can deform it into the C 7 -tree c ′ shown in Figure 4 .3, which only differs from t ′ by an even number of half-twists on its edges. By Lemmas 4.2 and 2.6, we obtain that (1 2 ) t and (1 2 ) t ′ are C 8 -concordant. (In the general case, the fact that the degree is odd ensures that there is an even number of half-twists.)
We can now prove the desired commutativity property in the case (k, l) = (3, 4).
Case (3, 4): We first show that T (1221) and T (12221) commute in SL(2)/(C 8 + c). Since both string links are symmetric, we note that T (12221) · T (1221) is obtained from T (1221)·T (12221) by orientation-reversal of both strings. By Lemma 2.2, T (1221) · T (12221) is C 8 -equivalent to (1 2 ) t∪s · L, where t and s are tree claspers for 1 2 as illustrated in Figure 4 .4, and where L is a string link obtained from 1 2 by surgery along some C 7 -trees. Since L is C 8 -concordant to a product L ′ of generas t tors of degree 7, we have that
′ with orientation reversed. On the other hand, by Lemma 2.3, (1 2 ) t∪s is C 8 -equivalent to its image under orientation-reversal, and by Lemma 4.7, each generator of degree 7 is C 8 -concordant to its image under orientation-reversal. It follows that T (1221) · T (12221) and T (12221) · T (1221) are C 8 -concordant. The fact that T (1221) and T (21112) commute in SL(2)/(C 8 + c) is shown completely similarly, as well as the other cases (namely, the commutativity of T (1221) with T * (12221) and T * (21112), and the commutativity of T * (1221) with T (12221), T (21112), T * (12221) and T * (21112)). Before we deal with the remaining cases, we make an observation. Since the group SL We can now prove the desired commutativity property in the remaining cases (k, l) = (2, 5), (3, 3) , (2, 4) , (2, 3) , (2, 2) . From now on, let L be either T (121) or T * (121). Case (2, 5): By Remark 2.4, L commutes with any C 5 -trivial string link in SL(2)/C 7 and with any C 7 -trivial string link in SL(2)/C 8 . Also, any C 3 -trivial string link commutes with any C 5 -trivial string link in SL(2)/C 8 . By applying Lemma 4.8 for l = 5 and m = 7, we have that L commutes with any (C 5 + c)-trivial string link in SL(2)/(C 8 + c).
Case (3, 3): We already showed that T (1221) commutes with any (C 4 +c)-trivial string link (Case (3, 4) ). Since T (1221) is C 3 -trivial and T (1221) · T * (1221) is C 4 -trivial, by Lemma 4.3, we have that T (1221) and T * (1221) commute in SL(2)/(C 8 + c).
Case ( Case (2, 2): Note that we already showed that T (121) commutes with any (C 3 + c)-trivial string link (Case (2, 3) ). Since T (121) is C 2 -trivial and T (121) · T * (121) is C 3 -trivial, we can use Lemma 4.3 to show that T (121) and T * (121) commute in SL(2)/(C 8 + c).
This concludes the proof that SL(2)/(C k + c) is abelian for all k ≤ 8. 4.5. Nonabelian case. Let A, A, B and B be 2-string links as illustrated in Figure 4 .5. The following implies that SL(2)/(C k + c) is not abelian for all k ≥ 9. Proof. The proof relies on a direct computation, using a program 5 based on the algorithm given by Milnor in [18] to compute µ-invariants. We have that the Magnus expansion of the 1st longitude of ABAB is where the Magnus expansion is defined here by sending the first meridian to 1 + X and the second meridian to 1 + Y . Hence some Milnor invariants of length 9 do not vanish on the string link ABAB. This implies that ABAB is not C 9 -concordant toto the technical results from Habiro's paper that are used in this arguments, and emphasize the role of the commutativity of SL(n)/C k+1 .
For simplicity, we only give the arguments for Corrollary 1.6. They are easily adapted to the case of C k -concordance and finite type concordance invariants to obtain Corrollary 1.9.
Actually, Habiro's proof of Theorem 1.5 can be adapted to show the following.
Proposition A.1. Suppose that the group of C k+1 -equivalence classes of n-string links is abelian. Then two n-string links cannot be distinguished by any finite type invariant of order ≤ k if and only if they are C k+1 -equivalent.
Proof. The fact that two C k+1 -equivalent string links share all finite type invariants of degree up to k is well known [13, Cor. 6 .8], so we only need to show the converse implication.
Supppose that the group SL(n)/C k+1 is abelian. Following Habiro's strategy for proving Theorem 1.5 (Theorem 6.18 in [13] ), we consider the homomorphism of abelian groups (from an additive to a multiplicative abelian group) ϕ k : ZSL(n) −→ SL(n)/C k+1 which maps an n-string link L to its C k+1 -equivalence class [L] k+1 . The key point is that the existence (ie the well-definedness) of this map relies on the fact that SL(n)/C k+1 is abelian. Notice that ϕ k is indeed additive, since for two n-string links L and L ′ , we have
. Now, we have that ϕ k is a finite type invariant of degree k. This is proved by Habiro in the (string-)knot case in [13, Prop. 6.16] . His argument relies on a deep result on the structure of the Goussarov-Vassiliev filtration [13, Prop. 6 .10], which involves advanced clasper theory. But Habiro actually established the latter result not only for (string-)knots, but also for string links (and more generally for surface string links). So we can freely use [13, Prop. 6 .10] to show that ϕ k is a finite type invariant of degree k. The proof of Proposition A.1 is then completed by simply following [13, Thm. 6 .18] as follows. If two n-string links L and L ′ cannot be distinguished by any finite type invariant of order
, that is, L and L ′ are C k+1 -equivalent.
